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1. Execute SetFold(GPS2), then gps( ) to create the custom toolbar for this activity.
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2. Press F1 and select Backgnd( ) to view the strange and wonderful story behind Retreat from the Circular Space Platter. Then execute Tour( ) to get acquainted with the Circular Space Platter, its Supply Cobs, your LifePod and the dreaded Earwig Cruiser.
3. If LifePod coordinates are (x , y) and if Earwig Cruiser 1 is located at  coordinates (s1x ,s1y), write 


an expression for the distance from the Cruiser to the LifePod:
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4. Suppose the Pod clock is slow by the amount 
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. Write an expression for the correct time if the Pod clock reads 900:
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5. Cruiser 1 transmitted its coordinates to you at time Txmit, and the Pod clock says you received the radio transmission from Cruiser 1 at time Trcv1. Write an expression for the time it actually took for the message to travel from the Cruiser to the Pod:
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6. Let c be the speed of light (and of radio waves!). The distance the radio message traveled in the time from question 5. above is:
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7. Combine the results from questions 1. and 6. to form an equation relating x, y and :
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8. Write similar equations for Cruiser 2 and Cruiser 3:
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A Graphical Solution

9. We have three unknowns ( x, y and ), and three equations ( Eqns 1 – 3 ). We know at least one solution to the system exists—the Pod’s coordinates, and the Pod clock correction term! 


Square both sides of all three equations to turn them into equations of circles:


[image: image10.wmf](

)

(

)

(

)

2

2

2

2

_

__________

__________

_

__________

_

__________

×

=

+

c

     

3

 

Eqn



[image: image11.wmf](

)

(

)

(

)

2

2

2

2

_

__________

__________

_

__________

_

__________

×

=

+

c

     

4

 

Eqn



[image: image12.wmf](

)

(

)

(

)

2

2

2

2

_

__________

__________

_

__________

_

__________

×

=

+

c

     

5

 

Eqn


A solution to this system of equations is a place where the graphs of three 

all three circles ______________________.
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10. Press F2 and execute GetData( ). These data simulate Earwig Cruiser transmissions, giving Cruiser coordinates and message transmit times. Each message is also time stamped by the Pod clock. You can review this data any time by pressing F1 and executing SeeData( ). If you execute GetData( ) again, you will get NEW data – and your previous data will vanish!

11. Write down the message transmission time (Txmit) and the Pod clock time (TrcvN ) for one of the 


Cruisers:



Txmit:   _____________________________



Trcv__: _____________________________


The true receive time must be later than the transmit time. Since radio waves travel at 300 ELU/ETU,


and  the Cruisers are about 3000 ELU away (your Pod is on the Space Platter, so not too far from its 
center). Approximately how long should it take for these waves to reach the Pod? 



Time of Travel = ______________ ETU

12. Use your results from 11. to formulate a reasonable estimate of 
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13. Press F3, and execute Guess_( ).  Revise your guess for until you see all three ranging circles, and  all three intersect at a single point. Press F4 and execute Zoom_In ( ) to verify intersections.
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14. You will need a higher resolution graph to accurately read off Pod coordinates.  Press F3 and run GudGraph ( ). This program is much slower, but the graphs can be traced to read the coordinates of the intersection point.  Zoom in using the built-in TI-89 functions until the x- and y- coordinates round to the same whole number a little ways both sides of the intersection point. The built in TI-89 function called ZoomBox is very useful here.
15.  When you are sure you have the Pod coordinates, press F3 and run Check ( ). Good luck!
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Graphical Exploration

16.  
 Press F2 and execute PutData ( ). Put the Cruisers at these



      positions:



Cruiser 1:
x1 = 0,  y1 = 3000



Cruiser 2:      
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Cruiser 3:      
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Locate the Pod at x = 100 and y = 100. Set to any positive value (remember it!) . Set Txmit to

any positive value. 



Repeat steps 11. – 15. above and display the intersection of all three circles. 



Keep track of how many times you ZoomIn after you display a GudGraph ( ). 



Be sure to ZoomIn  until you can trace a little ways either side of the intersection point without



changing the rounded x- and  y-coordinates.



Use complete sentences to report your results:

17. a.)        Change the x-values in problem 16. above to experiment with other separations for the Cruisers. What is the minimum  x-axis separation (to the nearest 10 ELU)  that allows solutions to be read from the graph with no more than four “ZoomIns” on the GudGraph ( ). Use complete sentences to report your results:

b.) Does the minimum separation change if the Cruisers are 30,000 ELU from the Space Platter’s center? (Answer using complete sentences.)

c.) Give a specification of the required separation in space between Cruisers which will work for Cruisers located anywhere on a circle of radius 3000 or greater (you may assume the Pod is at 

(100, 100).)  (Answer using complete sentences.)

18. Press F2 and execute PutData ( ). Put the Cruisers at these


positions:


Cruiser 1:
x1 = 0,  y1 = 1000


Cruiser 2:      
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Cruiser 3:      
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Locate the Pod at x = 0 and y = 0. 


Repeat steps 11. – 15. above and display the intersection of all three circles. 


Try several different values for . ZoomOut( ) if necessary to view the three circles.


How many solutions do you think there are in this situation? Formulate a guess about what is causing 
the problem.  Perform simulations to back up your guess. Include details (Cruiser and Pod coordinates) 
for any simulations you do.)

A Numerical Exploration

(See the Appendix for an illustration of Newton’s Method)

19.  [image: image75.png]Earuig
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19. Press F2 and execute GetData( ). These data simulate Earwig Cruiser transmissions, giving Cruiser coordinates and message transmit times. Each message is also time stamped by the Pod clock. You can review this data any time by pressing F1 and executing SeeData( ). If you execute GetData( ) again, you will get NEW data – and your previous data will vanish!

20. Write down the message transmission time (Txmit) and the Pod clock time (TrcvN ) for one of the 


Cruisers:



Txmit:   _____________________________



Trcv__: _____________________________


The true receive time must be later than the transmit time. Since radio waves travel at 300 ELU/ETU,


and  the Cruisers are about 3000 ELU away (your Pod is on the Space Platter, so not too far from its 
center). Approximately how long should it take for these waves to reach the Pod? 



Time of Travel = ______________ ETU

21. Use your results from 11. to formulate a reasonable estimate of 
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Press F5 and run Define_Fn ( ). Enter functions which have zeros where Eqns 3 – 5 have solutions.


  Press F5 again and execute Guess ( ) to enter your starting point for Newton’s Method. Record it here:
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The function whose root we seek is F(x,y,and it consists of the functions you defined in 21. above. 

Enter F(x,y,on the command line to see F.  The Jacobian matrix J(x,y,of partial derivaives of the component functions of Fis calculated automatically for you. Display it by entering J(x,y,on the command line.

Enter the command for Newton’s method for systems of equations (see the Appendix) in the command line. Many of the symbolic expressions you need can be found under the menu tab called Expressions:
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Be sure to copy this command so you can use it again without retyping it.

After executing this command, you can press F5 and run NewToOld ( ) before another iteration of 

Newton’s method. Keep track of your results in the table below:

(Hint: Stop when your solutions stop changing significantly.)

	old
	
	new
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Press F3 and check your numerical solution!

24. What is the minimum separation (to the nearest 10 ELU) between Cruisers for which this numerical 

 
       method will work? (See problems 16. and 17. from the Graphical Exploration.) Answer using

 
       complete sentences. Give parameters for simulations you ran which give evidence for your claim.

25. What happens when you use Newton’s method on the situation described in problem 18. above?

Answer using  complete sentences.

26. Position Earwig cruisers at  (-3000, 0), (3000, 0) and (6000, 0). Place the LifePod at 
(0, 4000). (Pick any non-negative values you like for  and txmit.)  Use a starting guess of (3000, 0) for the pod’s position. What location does Newton’s method give you for the pod?  
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Now use (-3000,0) as your first guess.What location does Newton’s method give you for the pod?  
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Examine the situation graphically. Sketch your graph below:
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Using complete sentences, explain what is wrong with this statement:

“Like systems of linear equations, systems of nonlinear equations either have exactly one solution,

  no solutions, or infinitely many solutions.”

27. Extra Credit: Write and test a TI-89 program for using Newton’s Method to approximate solutions of systems of up to four equations. The user enters the functions whose roots are solutions, the number of iterations, and a first guess.

AppendixNewton’s Method for Systems of Equations

Recall the correspondence between solutions of an equation and roots of a function. For example, we can approximate a solution of  
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 and using Newton’s method to find a root 

of 
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0. Define f ( x ):  
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1. Start with a guess (call it xold):
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2. Get a new guess this way:
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.

3. Check                                           
[image: image50.wmf]If it is not close enough to 0,

 then set 

 and go back to step 2.

I. How many iterations of Newton’s method are required to give an approximation  a  good enough so that  
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                           ? What is the value of a ?

a = ________________________     Number of iterations = _____________________

II. You can get an equally good approximation of another root b with a different starting value for xold. 

b = ________________________
Starting value = ________________________

III. What happens if you use a starting value of 0.5? Why? (Answer using complete sentences.)

The same method can be applied to approximate solutions of systems of equations. For example,

we can approximate solutions of 
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 by applying Newton’s method to
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find roots of the vector – valued function 





  .
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Note that h is a function of two variables (x and y), and that a root                               would give
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The “derivative” of h is called the Jacobian of h, and looks like this:
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Our old and new values are now vectors:
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Then our new version of Newton’s method looks like this:

0. Define h (x, y) and J (x,y):  

[image: image85.wmf](

)

0.0001

ga

<



[image: image56.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2222

2222

1,1,

,

111,111,

dxyxdxyy

Jxy

dxyxdxyy

éù

+-+-

êú

®

êú

-+---+--

ëû


1.   Start with a guess (call it old):
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2. Get a new guess this way (almost):
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Note the similarity with the formula for Newton’s method for real-valued functions. Also note that 
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 is the inverse of a matrix. Also, note that J is a 2X2 matrix while h is 2X1, the matrix multiplication must be done in this order. 

Finally, be warned that the TI-89 requires you to enter f (xold,yold) this way:  

f(x,y)|x = xold and y = yold.

3. Check to see if h(x,y)|x = xnew and y=ynew is close enough to 
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. If not, then 
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 and go back

to step 2.

too small …





stilltoo small …





just right! We have intersection!





too large.
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